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Several classes of optimal ternary cyclic codes∗
Lanqiang Li, Li Liu∗, Shixin Zhu
School of Mathematics, Hefei University of Technology, Hefei 230009, Anhui, P.R.China
Abstract: Cyclic codes have efficient encoding and decoding algorithms over finite fields, so
that they have practical applications in communication systems, consumer electronics and data
storage systems. The objective of this paper is to give eight new classes of optimal ternary
cyclic codes with parameters [3m−1, 3m−1−2m, 4], according to a result on the non-existence
of solutions to a certain equation over F3m . It is worth noticing that some recent conclusions
on such optimal ternary cyclic codes are some special cases of our work. More importantly,
three of the nine open problems proposed by Ding and Helleseth in [8] are solved completely.
In addition, another one among the nine open problems is also promoted.
Keywords : Finite fields, Cyclic codes, Optimal codes, Dual codes
1. Introduction
Let Fq be the finite field with prime power q = p
m elements, where p is the characteristic
of the field and m is a positive integer. An [n, k, d] linear code is called a cyclic code if any
(c0, c1, ..., cn−1) ∈ C implies (cn−1, c0, c1, ..., cn−2) ∈ C. It is well known that every cyclic code
of length n over Fp can be regarded as an ideal 〈g(x)〉 of the principal ring Fp[x]/(x
n − 1),
where g(x)|xn−1 is monic and has the least degree. In addition, the definition of the dual code
of code C is given by
C⊥ = {x ∈ Fnp |x · y = 0, ∀ y ∈ C},
where x · y is the Euclidean inner product of x and y in Fnp .
For any codeword c = (c0, c1, ..., cn−1) ∈ C, the Hamming weight of c is defined to be
w(c) = |{i|ci 6= 0, i = 0, 1, ..., n− 1}|.
Let Ai denote the number of codewords of Hamming weight i in C for 1 ≤ i ≤ n, then
{A0, A1, ..., An} is said to be the weight distribution of code C. The weight enumerator of C is
defined as follows:
A0 +A1x+A2x
2 + ...+Anx
n,
where A0 = 1.
Cyclic codes over finite fields have practical applications in communication systems, con-
sumer electronics and data storage systems, due to their efficient encoding and decoding algo-
rithms [18, 19]. Moreover, they also have wide applications in cryptography [2, 7] and sequence
design [14, 15]. All of these encourage many scholars to study cyclic codes in resent years
[1, 3−6, 21, 22, 24−30]. In addition, it is a worthwhile subject to construct optimal cyclic codes
over finite fields. For example, Carlet et al. constructed optimal ternary cyclic codes with min-
imum distance four, by using perfect nonlinear monomials in [2]. In 2013, Ding and Helleseth
obtained some optimal ternary cyclic codes by employing almost perfect nonlinear monomials
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and some other monomials over F3m . They also presented nine open problems in [8]. After that,
some of the open problems were solved by Li et al. in [9, 10], by discussing the non-existence of
solutions to a certain equation over F3m which has been mentioned in [8]. In 2014, Zhou and
Ding gave a class of optimal ternary cyclic codes with parameters [3m − 1, 3m − 1 − 2m, 4] in
[29]. Recently, Fan et al. obtained a new class of optimal ternary cyclic codes with minimum
distance four. Furthermore, they also discussed the weight of the duals of the class of cyclic
codes. What’s more, Wang and Wu listed four classes of optimal ternary cyclic codes with
parameters [3m − 1, 3m − 1− 2m, 4] in [12].
In this paper, we study several classes of ternary cyclic codes C(1,e) with generator poly-
nomials M(x)Me(x) for suitable values of e. In Section 2, we give some basic lemmas which
will be frequently used to prove our main results. Based on the non-existence of solutions to
a certain equation over F3m , eight classes of ternary cyclic codes are given with parameters
[3m−1, 3m−1−2m, 4] and are thus optimal due to the Sphere Packing bound in Section 3 and
Section 4. Close attention should be paid to the fact that we deal with three of the nine open
problems proposed by Ding and Helleseth in [8], in Section 4. Moreover, another one among
the nine open problems is promoted in Section 4.
2. Preliminaries
In this paper, we only discuss the case that p = 3. Let F ∗3m be the multiplicative cyclic
group of none-zero elements of F3m . Then there must exists an element α such that F
∗
3m = 〈α〉.
For any integer s, 0 ≤ s ≤ 3m − 1, the definition of 3−cyclotomic coset modulo 3m − 1
containing s is as follows:
Cs = {s, 3s, ..., 3
ns−1s},
where ns is the least positive integer such that 3
nss ≡ s(mod 3m − 1). Obviously, α is a
primitive (3m − 1)th root of unity, then the polynomial Ms(x) =
∏
i∈Cs
(x − αi) is defined as
the minimal polynomial of αs over F3.
Let C(1,e) denote the cyclic code of length 3
m − 1 over the finite field F3 with generator
polynomial M1(x)Me(x), where e /∈ C1. It is known that the cyclic codes C(1,e) are optimal
with parameters [3m − 1, 3m − 1− 2m, 4], when e are some fixed integers [8− 10, 12].
The following lemmas are very important to prove our main results, which have been given
by Ding and Helleseth in [8].
Lemma 2.1. For any integer 1 ≤ e ≤ pm − 2 with gcd(e, pm − 1) = 2, the cardinality of the
p−cyclotomic coset Ce is equal to m.
Lemma 2.2. Let e /∈ C1 and |Ce| = m. The ternary cyclic code C(1,e) has parameters
[3m − 1, 3m − 1− 2m, 4] if and only if the following conditions are satisfied:
C1: e is even;
C2: the equation (x+ 1)e + xe + 1 = 0 has the only solution x = 1 in F3m ; and
C3: the equation (x+ 1)e − xe − 1 = 0 has the only solution x = 0 in F3m .
The following three lemmas are also important and have been given by R. Lidl and H.
Niederreiter in [23].
Lemma 2.3. Let q be a prime power and g(x) be a nonconstant polynomial in Fq[x]. Then for
any f(x) ∈ Fq [x] there exist polynomials h(x), r(x) ∈ Fq [x] such that f(x) = g(x)h(x) + r(x),
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where deg(r(x)) < deg(g(x)). Moreover, gcd(f(x), g(x)) = gcd(g(x), r(x)).
Lemma 2.4. For any finite field Fq and every positive integer n, where q is a prime power, the
product of all monic irreducible polynomials over Fq [x] whose degrees divide n is equal to x
qn−x.
Lemma 2.5. Let q be a prime power and let f(x) be an irreducible polynomial over Fq of
degree n. Then f(x) = 0 has a root x in Fqm . Furthermore, all the roots of f(x) = 0 are simple
and are given by the n distinct elements x, xq, xq
2
,...,xq
n−1
of Fqn .
3. New optimal ternary codes with parameters [3m − 1, 3m − 1− 2m, 4]
In this section, we will give four new classes of optimal ternary cyclic codes C(1,e) with
parameters [3m − 1, 3m − 1 − 2m, 4], by discussing the non-existence of solutions to a certain
equation over F3m .
From now on, we denote the set of all nonzero squares (or nonsquares) in F3m by QR (or
NQR).
3.1. The first class of optimal ternary codes
Firstly, we consider the integer e with the following form
e(3s − 1) ≡ 3t − 3k(mod 3m − 1), (1)
where m, s, t, k are integers such that 0 ≤ s, t ≤ m− 1 and 0 ≤ k ≤ t− 1.
Lemma 3.1. Let m be a positive integer and s, t, k be integers such that 0 ≤ s, t ≤ m− 1 and
0 ≤ k ≤ t − 1. Then the congruence equation (1) has even solutions, if one of the following
holds.
(i) m is odd and gcd(m, s) | (t− k).
(ii) m and t− k are even, s is odd and gcd(m, s) | (t− k).
(iii) m, s and m/gcd(s,m) are even, gcd(s,m) | (t− k) and (t− k)/gcd(s,m) is even.
(iv) m and s are even, gcd(s,m) | (t− k) and m/gcd(s,m) are odd.
Proof. The congruence equation (1) has even solutions if and only if (2e
′
)(3s − 1) ≡ 3t −
3k(mod 3m − 1) has solutions, if and only if gcd (2(3s − 1), 3m − 1) | (3t − 3k), i.e., gcd (2(3s −
1), 3m − 1) | (3t−k − 1).
Assume that m is odd, then we have 4 ∤ (3m − 1). So, gcd(2(3s − 1), 3m − 1) = gcd(3s −
1, 3m − 1) = 3gcd(m,s) − 1. Furthermore, gcd (2(3s − 1), 3m − 1) | (3t−k − 1) is equivalent to
(3gcd(m,s) − 1) | (3t−k − 1), i.e. gcd(m, s) | (t− k). Therefore, (i) is proved.
Assume that m is even, by using the similar way with the above proof, then (ii),(iii) and
(iv) can be proved immediately.
Suppose that e is an even solution of the congruence equation (1) and gcd(e, 3m − 1) = 2.
According to Lemmas 2.1 and 2.2, we could know that the ternary cyclic code C(1,e) is optimal
and has parameters [3m − 1, 3m − 1 − 2m, 4] if and only if conditions C1, C2 and C3 are all
hold. Next, we only need to prove that the equation (x+1)e+ xe+1 = 0 has the only solution
x = 1 in F3m and the equation (x + 1)
e − xe − 1 = 0 has the only solution x = 0 in F3m .
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Therefore, we need to prove that the equations (x + 1)e = ±(xe + 1) have no solution in
F3m \ {0, 1,−1}. By taking (3
s − 1)th power on both sides of the above equations, we have
(x + 1)e(3
s−1) = (xe + 1)3
s−1.
From (1), we have
(x+ 1)3
t−3k = (xe + 1)3
s−1.
Furthermore, we reduce the above equation to
x3
t+e + x3t + xe + 1 = xe·3
s+3k + xe·3
s
+ x3
k
+ 1.
By (1), we know 3t + e = e · 3s + 3k(mod 3m − 1). So,
x3t + xe = xe·3
s
+ x3
k
,
i.e.
x3
k
(x3
t−3k − 1)(xe−3
k
− 1) = 0.
It is clear that the above equation has no solution in F3m \ {0, 1,−1} if gcd(t − k,m) = 1 and
gcd(e− 3k, 3m − 1) = 1.
Suppose that m is even. By Lemma 3.1, we get that t− k must be even if the congruence
equation (1) has even solutions. This implies that 2|gcd(t − k,m), i.e., gcd(t − k,m) 6= 1.
Therefore, there exists no optimal ternary cyclic code with parameters [3m − 1, 3m− 1− 2m, 4]
in this subcase.
Assume that m is odd. Combining the above discussion and Lemma 3.1, we can obtain the
following theorem.
Theorem 3.2. Let m be odd, gcd(m, s) = 1 and e be some even solution of the congruence
equation (1). Then the ternary cyclic code C(1,e) is optimal with parameters [3
m − 1, 3m − 1−
2m, 4] if gcd(t− k,m) = 1 and gcd(e − 3k, 3m − 1) = 1.
proof. We know that there must be some e is an even solution of (1), due to Lemma 3.1.
According to (1) and gcd(t−k,m) = 1, we have gcd(e(3s− 1), 3m− 1) = gcd(3t− 3k, 3m− 1) =
gcd(3t−k − 1, 3m − 1) = 2. So, gcd(e, 3m − 1) = 2, as m is odd. From Lemma 2.1, we know
|Ce| = m. Obviously, e /∈ C1 as e is even. Combining Lemma 2.2 and the above discussion, the
result could be derived immediately.
Notice that e(3s − 1) ≡ 3t − 1(mod 3m − 1) is a special case of (1) with k = 0. In this case,
we have the following corollary immediately, which was one of the main results in [12].
Corollary 3.3. Let m be odd, gcd(m, s) = gcd(m, t) = 1 and e be some solution of the con-
gruence equation e(3s−1) ≡ 3t−1(mod 3m−1). Then the ternary cyclic code C(1,e) is optimal
with parameters [3m − 1, 3m − 1− 2m, 4] if gcd(e − 1, 3m − 1) = 1.
Example 1. Let m = 3 and (s, t, k) = (2, 2, 1). Then (1) has only two solutions e = 4 or 17, by
calculating. So, e = 4. Let α be the generator of F ∗3m with α
3 + 2α+ 1 = 0. Then the ternary
cyclic code C(1,e) has parameters [26, 20, 4] and is thus optimal with generator polynomial
x6 + x5 + 2x4 + 2x3 + x2 + x+ 2. The dual of C(1,e) has weight enumerator
1 + 312y15 + 260y18 + 156y21.
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Example 2. Let m = 5 and (s, t, k) = (4, 2, 1). Then (1) has only two solutions e = 112 or 233,
i.e., e = 112. Let α be the generator of F ∗3m with α
5 + 2α + 1 = 0. Then the ternary
cyclic code C(1,e) has parameters [242, 232, 4] and is thus optimal with generator polynomial
x10 + x9 + 2x6 + 2x5 + x4 + x+ 2. The dual of C(1,e) has weight enumerator
1 + 2420y147 + 2420y150 + 7260y153 + 4840y156 + 12100y159 + 5324y162
+12100y165 + 4840y168 + 2904y171 + 2420y174 + 2420y177.
3.2. The second class of optimal ternary codes
In this subsection, we assume that
e(3s + 1) ≡ 3t + 3k(mod 3m − 1), (2)
where m, s, t, k are integers such that 0 ≤ s, t, k ≤ m− 1.
Lemma 3.4. Let m be a positive integer and s, t, k be integers such that 0 ≤ s, t, k ≤ m− 1.
Then the congruence equation (2) has even solutions e such that e /∈ C1 and |Ce| = m, if one
of the following holds.
(i) m is odd.
(ii) m is even, gcd(m, |t− k|) = 1 and m/gcd(m, s) is odd.
Proof. According to the proof of Lemma 3.1, we know that first we need to prove gcd (2(3s +
1), 3m − 1) | (3t + 3k), i.e., gcd (2(3s + 1), 3m − 1) | (3|t−k| + 1).
Assume that m is odd. We have gcd(2(3s + 1), 3m − 1) = 2. Then, gcd (2(3s + 1), 3m − 1) |
(3|t−k| + 1). So the congruence equation (2) have even solutions. Furthermore, we can get
gcd(e(3s + 1), 3m − 1) = gcd(3t + 3k, 3m − 1) = 2. Then gcd(e, 3m − 1) = 2 as e is even. From
Lemma 2.1, we have |Ce| = m. It is clear that e /∈ C1 as e is even. Therefore, this completes
the proof of (i).
Suppose that m is even. As m/gcd(m, s) are odd, we can get gcd(3s + 1, 3m − 1) = 2. Fur-
thermore, we have gcd(2(3s+1), 3m−1) = 4, as m is even. According to gcd(m, |t−k|) = 1, we
have gcd(e(3s+1), 3m− 1) = gcd(3t+3k, 3m− 1) = 4, which shows that (2) has even solutions.
If gcd(e, 3m − 1) = 4, then 8 | gcd(e(3s + 1), 3m − 1) as m is even, which is a contradiction.
Then, it is easy to get that gcd(e, 3m− 1) = 2. So, we obtain |Ce| = m, by Lemma 2.1. Clearly,
e /∈ C1 as e is even.
From Lemma 3.4, we can get the following theorem.
Theorem 3.5. Let m be a positive integer, s, t, k be integers such that 0 ≤ s, t, k ≤ m − 1
and e be some even solution of (2). Then the ternary cyclic code C(1,e) has parameters
[3m − 1, 3m − 1− 2m, 4] and is optimal if one of the following holds.
(i) m is odd, gcd(3t − e, 3m − 1) = 1 and gcd(e− 3k, 3m − 1) = 1.
(ii) m is even, gcd(m, |t − k|) = 1, m/gcd(m, s) is odd, gcd(3t − e, 3m − 1) = 1 and gcd(e −
3k, 3m − 1) = 1.
Proof. Similar to the discussion of Subsection 3.1, we could obtain that conditions C2 and C3
in Lemma 2.2 are satisfied if gcd(3t − e, 3m − 1) = 1 and gcd(e − 3k, 3m − 1) = 1. Combining
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Lemmas 2.2 and 3.4, we could get Theorem 3.5 immediately.
Note that e(3s + 1) ≡ 3t + 1(mod 3m − 1) is a special case of (1) with k = 0. In this case,
it has been shown in [12, Theorem 2], which is covered by Theorem 3.5. Moreover, it is worth
noticing that more optimal ternary cyclic codes can be found than [12].
Example 3. Letm = 7 and (s, t, k) = (4, 2, 1). Then (2) has only two solutions e = 480 or 1573.
So, e = 480. Let α be the generator of F ∗3m with α
7 + 2α2 + 1 = 0. Then the ternary cyclic
code C(1,e) has parameters [2186, 2172, 4] and is optimal with generator polynomial x
14+x13+
2x12 + x11 + 2x10 + x7 + x3 + 2x2 + x+ 2. The dual of C(1,e) has weight enumerator
1 + 153020y1404 + 1040536y1431 + 2513900y1458 + 922492y1485 + 153020y1512.
Example 4. Let m = 4 and (s, t, k) = (0, 2, 1). Then (2) has only two even solutions e =
6 or 46. Let α be the generator of F ∗3m with α
4 − α3 + 2 = 0. Then the ternary cyclic code
C(1,e) has parameters [80, 72, 4] and is optimal with generator polynomial x
8+x7+2x6+2x5+
2x2 + 2(e = 6) or x8 + 2x5 + x3 + 2x2 + 2(e = 46). The dual of C(1,e) for the cases of e = 6 or
e = 46 has weight enumerator
1 + 1320y48 + 2400y51 + 80y54 + 1920y57 + 840y60.
Example 5. Let m = 6 and (s, t, k) = (0, 2, 1). Then (2) has only two even solutions e =
6 or 370. Let α be the generator of F ∗3m with α
4 − α3 + 2 = 0. Then the ternary cyclic code
C(1,e) has parameters [728, 716, 4] and is optimal with generator polynomial x
12 + x11 +2x10 +
x9 + x8 + x7 +2x6 + x5 + x3 + x2 +2x+ 2(e = 6) or x12 +2x11 + 2x10 + 2x9 + x8 + x6 +2x5 +
x4 +2x3+ x2 +2x+2(e = 370). The dual of C(1,e) for the cases of e = 6 or e = 370 has weight
enumerator
1 + 95004y468 + 183456y477 + 728y486 + 170352y495 + 81900y504.
3.3. The third class of optimal ternary codes
In this subsection, we consider the following form on e,
e ≡ (3m−1 − 1)/2 + 3h(mod 3m − 1), (3)
where h is an integer such that 0 ≤ h ≤ m− 1.
Lemma 3.6. Let e be given by (3). Then e is even and |Ce| = m if m is even and
gcd(m,h+ 1) = 1.
Proof. Obviously, e is even if m is even. Notice that gcd(3e, 3m − 1) = gcd(3
m−1
2 + 3
h+1 −
1, 3m − 1) = gcd(3h+1 − 1, 3m − 1) = 2, as gcd(m,h + 1) = 1. So, gcd(e, 3m − 1) = 2. From
Lemma 2.1, we have |Ce| = m.
Theorem 3.7. Let m be even and e has the form as (3). Then the ternary cyclic code
C(1,e) has parameters [3
m − 1, 3m − 1 − 2m, 4] and is optimal if gcd(m,h + 1) = 1 and
gcd(3h+1 − 2, 3m − 1) = 1.
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Proof. From Lemma 3.6, we know that it is enough to prove that (x+ 1)e ± (xe + 1) = 0 has
no solution in F3m \ {0, 1,−1}. By taking 3th power on both sides of the above equation, we
could get (x + 1)3e ± (x3e + 1) = 0. Obviously, we know that (x + 1)3e ± (x3e + 1) = 0 and
(x + 1)e ± (xe + 1) = 0 have the same solutions. Next, we could discuss the solutions of the
equation (x + 1)3e ± (x3e + 1) = 0 as follows:
(1)If x, x + 1 ∈ QR or x ∈ QR and x + 1 ∈ NQR. Since 3e = 3
m−1
2 + 3
h+1 − 1,
(x+1)3e± (x3e +1) = 0 is equivalent to (x+1)3
h+1−1± (x3
h+1−1+1) = 0 or −(x+1)3
h+1−1±
(x3
h+1−1 + 1) = 0. Multiplying both sides of the above two equations by x(x + 1), we could
obtain that x(x3
h+1−1−1)(x−1) = 0 or x2(x3
h+1−2+1) = 0 have no solution in F3m \{0, 1,−1}
if gcd(m,h+ 1) = 1 and gcd(3h+1 − 2, 3m − 1) = 1.
(2)If x, x+1 ∈ NQR or x ∈ NQR and x+1 ∈ QR. In this case, using the similar method in
(1), we can obtain that (x+1)3e± (x3e+1) = 0 is equivalent to (x+1)2((x+1)3
h+1−2− 1) = 0
or x3
h+1+1 − x3
h+1
+ x2 = 0. It is easy to see that the equation (x+1)2((x+1)3
h+1−2− 1) = 0
has no solution in F3m \ {0, 1,−1} if gcd(3
h+1 − 2, 3m − 1) = 1.
Moreover, suppose that x0 ∈ F3m \ {0, 1,−1} is some solution of the equation x
3h+1+1 −
x3
h+1
+x2 = 0. Then we know that x0 must also be a solution of the differential of the equation,
i.e., x3
h+1
0 −x0 = 0. This is a contradiction with gcd(m,h+1) = 1 and x0 ∈ F3m \{0, 1,−1}.
Note that e = (3m−1 − 1)/2 + 1 if h = 0 in (3). Furthermore, by Theorem 3.7, we could
obtain the following corollary.
Corollary 3.8. Let e = (3m−1 − 1)/2+ 1. Then the ternary cyclic code C(1,e) has parameters
[3m − 1, 3m − 1− 2m, 4] and is optimal if m is even.
Proof. Obviously, e = (3m−1 − 1)/2 + 1 is a special case of (3) with h = 0. Furthermore, we
have gcd(m,h+1) = 1 and gcd(3h+1− 2, 3m− 1) = 1, when h = 0. According to Theorem 3.7,
we can get the result immediately.
Example 6. Let (m,h) = (4, 0), i.e., the case in Corollary 3.8. Then e = 14. Let α be the
generator of F ∗3m with α
4 + 2α3 + 2 = 0. Then the ternary cyclic code C(1,e) has parameters
[80, 72, 4] and is optimal with generator polynomial x8 +2x5 + x3 +2x2 +2. The dual of C(1,e)
has weight enumerator
1 + 1320y48 + 2400y51 + 80y54 + 1920y57 + 840y60.
Example 7. Let (m,h) = (6, 0), then e = 122. Let α be the generator of F ∗3m with α
6 +2α4+
α2+2α+2 = 0. Then the ternary cyclic code C(1,e) has parameters [728, 716, 4] and is optimal
with generator polynomial x12 + 2x11 + 2x10 + 2x9 + x8 + x6 + 2x5 + x4 + 2x3 + x2 + 2x+ 2.
The dual of C(1,e) has weight enumerator
1 + 95004y468 + 183456y477 + 728y486 + 170352y495 + 81900y504.
Example 8. Let (m,h) = (6, 4), then e = 202. Let α be the generator of F ∗3m with α
6 +2α4+
α2+2α+2 = 0. Then the ternary cyclic code C(1,e) has parameters [728, 716, 4] and is optimal
with generator polynomial x12 + 2x10 + x9 + x8 + 2x5 + x4 + x3 + 2x2 + 2. The dual of C(1,e)
has weight enumerator
1 + 1456y450 + 8736y456 + 8736y462 + 8736y465 + 22204y468 + 39312y471 + 34944y474
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+52416y477 + 26208y480 + 65520y483 + 50232y486 + 17472y489 + 26208y492
+52416y495 + 56784y498 + 17472y501 + 12012y504 + 21840y507 + 8736y519.
3.4. The fourth class of optimal ternary codes
In this subsection, we consider the following form on e,
e ≡ (3m−1 − 1)/2 + 3h − 1(mod 3m − 1), (4)
where h is an integer such that 0 ≤ h ≤ m− 1.
Obviously, we know that e is even only if m is odd.
Lemma 3.9. Let e be an integer and be given by (4). Then e is even and |Ce| = m if m is
odd prime or m is odd and gcd(3h+1 − 4, 3m − 1) = 1.
Proof. It is clear that e is even if m is odd. If m is odd prime, then |Ce| = m as e 6= 0. More-
over, note that gcd(3e, 3m−1) = gcd(3
m−1
2 +3
h+1−4, 3m−1) = 2 ·gcd(3h+1−4, 3m−1) = 2, if
gcd(3h+1−4, 3m−1) = 1. So, we have gcd(e, 3m−1) = 2. By Lemma 2.1, we have |Ce| = m.
Theorem 3.10. Let m be odd and e be given by (4). Then the ternary cyclic code C(1,e) has
parameters [3m−1, 3m−1−2m, 4] and is optimal ifm is odd prime and gcd(3h+1−5, 3m−1) = 2
or gcd(3h+1 − 4, 3m − 1) = 1 and gcd(3h+1 − 5, 3m − 1) = 2.
Proof. Obviously, e is even and |Ce| = m from Lemma 3.9. Similar to the proof of Theorem
3.7, we only need to discuss the solutions of the equation (x + 1)3e ± (x3e + 1) = 0 as follows:
(i) x, x + 1 ∈ QR or x ∈ QR and x + 1 ∈ NQR. As 3e = 3
m−1
2 + 3
h+1 − 4, the equation
(x + 1)3e ± (x3e + 1) = 0 can be simplified to x3
h+1+1 − x3
h+1−1 − x3
h+1−3 − x3
h+1−4 − x4 −
x3 − x+ 1 = 0 or x3
h+1−1 + x3
h+1−3 + x3
h+1−4 + x4 + x3 + x = 0.
Let f(x) = x3
h+1+1 − x3
h+1−1 − x3
h+1−3 − x3
h+1−4 − x4 − x3 − x + 1 ∈ F3m [x]. Moreover,
we suppose that x0 ∈ F3m \ {0, 1,−1} is some root of f(x). Obviously, x0 is a 3-heavy root of
f(x). Therefore, x0 is also a root of f
′′
(x) = x3
h+1−6(x + 1)3. However, notice that f
′′
(x) =
x3
h+1−6(x + 1)3 only has two solutions x = 0,−1, which shows that f(x) has no solution in
F3m \ {0, 1,−1}.
Let f(x) = x3
h+1−1+x3
h+1−3+x3
h+1−4+x4+x3+x, then f
′
(x) = (x3
h+1−5−1)(x+1)3. Fur-
thermore, we know that f
′
(x) only has two solutions x = 1,−1 in F3m , as gcd(3
h+1−5, 3m−1) =
2. Since every root of f(x) is 3-heavy root, we could deduce that f(x) has no solution in
F3m \ {0, 1,−1} when gcd(3
h+1 − 5, 3m − 1) = 2.
(ii) x, x+1 ∈ NQR or x ∈ NQR and x+1 ∈ QR. In this case, (x+1)3e± (x3e +1) = 0 can
be reduced to x3
h+1
− x3
h+1−1 − x3
h+1−3 − x3
h+1−4 + x4 + x3 + x = 0 or x3
h+1−1 + x3
h+1−3 +
x3
h+1−4 − x4 − x3 − x+ 1 = 0.
Let f(x) = x3
h+1
−x3
h+1−1−x3
h+1−3−x3
h+1−4+x4+x3+x, then f
′
(x) = (x3
h+1−5+1)(x+1)3.
Due to m is odd, we have gcd(2(3h+1 − 5), 3m − 1) = 2. This implies that f
′
(x) only has two
solutions x = 1,−1 in F3m . So, we can deduce that f(x) has no solution in F3m \ {0, 1,−1}.
Let f(x) = x3
h+1−1 + x3
h+1−3 + x3
h+1−4 − x4 − x3 − x+ 1, then f
′′
(x) = x3
h+1−6(x + 1)3.
Similar to (i), we can get that f(x) has no solution in F3m \ {0, 1,−1}.
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Note that e = (3m−1− 1)/2 if h = 0 in (5). In this special case, we can obtain the following
corollary.
Corollary 3.11. Let e = (3m−1 − 1)/2. Then the ternary cyclic code C(1,e) is optimal with
parameters [3m − 1, 3m − 1− 2m, 4] if m is odd.
Proof. If h = 0, then gcd(3h+1− 4, 3m− 1) = 1 and gcd(3h+1− 5, 3m− 1) = 2. So, we can get
the result immediately, according to Theorem 3.10.
Example 9. Let (m,h) = (5, 0), then e = 40. Let α be the generator of F ∗3m with α
5+2α+1 =
0. Then the ternary cyclic code C(1,e) has parameters [242, 232, 4] and is optimal with generator
polynomial x10 + x9 + 2x6 + 2x5 + x4 + x+ 2. The dual of C(1,e) has weight enumerator
1 + 2420y147 + 2420y150 + 7260y153 + 4840y156 + 12100y159 + 5324y162
+12100y165 + 4840y168 + 2904y171 + 2420y174 + 2420y177.
Example 10. Let (m,h) = (5, 3) then e = 66. Let α be the generator of F ∗3m with α
5+2α+1 =
0. Then the ternary cyclic code C(1,e) has parameters [242, 232, 4] and is optimal with generator
polynomial x10 + x9 + 2x8 + x7 + 2x6 + 2x5 + 2x4 + x3 + x2 + x + 2. The dual of C(1,e) has
weight enumerator
1+132y132+7260y150+7260y153+9680y159+14762y162+14520y168+4840y171+484y186+110y198.
Example 11. Let (m,h) = (3, 2), then e = 12. Let α be the generator of F ∗3m with α
3+2α+1 =
0. Then the ternary cyclic code C(1,e) has parameters [26, 20, 4] and is optimal with generator
polynomial x6 + x5 + 2x4 + 2x3 + x2 + x+ 2. The dual of C(1,e) has weight enumerator
1 + 312y15 + 260y18 + 156y21.
4. Four open problems about the ternary cyclic codes C(1,e)
In this section, we will explicitly deal with three open problems among nine open problems
about the ternary cyclic codes C(1,e) which have been proposed by Ding and Helleseth in [8].
Moreover, another one among nine open problems is promoted. So, four new classes of optimal
ternary cyclic codes C(1,e) with parameters [3
m − 1, 3m − 1− 2m, 4] are obtained.
4.1. Solving the first open problem
In this subsection, we discuss the following form on e which has been given as open problem
7.15 by Ding and Helleseth in [8],
e ≡ (3m−1 − 1)/2 + 3h + 1(mod 3m − 1), (5)
where h is an integer such that 0 ≤ h ≤ m− 1.
Open problem 1.(see [8, open problem 7.15]) Let e = (3m−1 − 1)/2 + 3h + 1, where 0 ≤ h ≤
m − 1. What are the conditions on m and h under which the ternary cyclic code C(1,e) has
parameters [3m − 1, 3m − 1− 2m, 4]?
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In order to solve this problem, the following lemma is necessary.
Lemma 4.1. Let e be an integer with the form (5). Then e is even and |Ce| = m if m is odd
prime or m is odd and gcd(3h+1 + 2, 3m − 1) = 1.
Proof. Obviously, e is even if m is odd. If m is odd prime, then |Ce| = m as e 6= 0. Moreover,
notice that gcd(3e, 3m − 1) = gcd(3
m−1
2 + 3
h+1 + 2, 3m − 1) = 2, if gcd(3h+1 + 2, 3m − 1) = 1.
So gcd(e, 3m − 1) = 2. From Lemma 2.1, we have |Ce| = m.
Theorem 4.2. Let m be odd and e has the form as (5). Then the ternary cyclic code C(1,e)
has parameters [3m− 1, 3m− 1− 2m, 4] and is optimal if m is odd prime with gcd(m,h+1) = 1
or gcd(m,h+ 1) = 1 and gcd(3h+1 + 2, 3m − 1) = 1.
Proof. Clearly, e is even and |Ce| = m by Lemma 4.1. Using same discussion in Theorem 3.7,
it is clear that we could discuss the solutions of the equation (x+1)3e± (x3e+1) = 0 as follows:
(i) x, x+1 ∈ QR or x ∈ QR and x+1 ∈ NQR. Since 3e = 3
m−1
2 +3
h+1+2, (x+1)3e±(x3e+
1) = 0 is equivalent to x3
h+1+2+x3
h+1+1−x3
h+1
−x2+x+1 = 0 or x3
h+1+1−x3
h+1
−x2+x = 0.
Let f(x) = x3
h+1+2+x3
h+1+1−x3
h+1
−x2+x+1, then the differential f
′
= −(x−1)3
h+1+1−1
of the polynomial f(x). Let f
′
(x) = 0, then (x − 1)2(3
h+1+1) = 1. As m is odd, we have
gcd(2(3h+1 + 1), 3m − 1) = 2. So, the equation (x − 1)2(3
h+1+1) = 1 only has two solutions
x = 0,−1 which implies that f(x) has no solution in F3m \ {0, 1,−1}.
If x3
h+1+1 − x3
h+1
− x2 + x = 0, i.e., x(x3
h+1−1 − 1)(x − 1) = 0, then the equation has no
solution in F3m \ {0, 1,−1} when gcd(3
m − 1, 3h+1 − 1) = 2, i.e., gcd(m,h+ 1) = 1.
(ii) x, x + 1 ∈ NQR or x ∈ NQR and x + 1 ∈ QR. In this case, we can obtain that
(x+ 1)3e ± (x3e + 1) = 0 is equivalent to x3
h+1+2 + x3
h+1+1 − x3
h+1
− x2 + x = 0 or x3
h+1+1 −
x3
h+1
− x2 + x+ 1 = 0.
Let f(x) = x3
h+1+2 + x3
h+1+1− x3
h+1
− x2 + x, then f
′
= −(x− 1)3
h+1+1− 1. Clearly, f(x)
has no solution in F3m \ {0, 1,−1}, by (i).
Let f(x) = x3
h+1+1 − x3
h+1
− x2 + x+1, then f
′
(x) = x3
h+1
+ x+1. Furthermore, we have
f
′′
= 1 in F3m(x) which means f(x) has no 3−heavy solution in F3m \ {0, 1,−1}, i.e., f(x) has
no solution in F3m \ {0, 1,−1}.
Clearly, e = (3m−1 − 1)/2 + 2 is a special case of (5) with h = 0. So, we can obtain the
following corollary immediately.
Corollary 4.3. Let e = (3m−1 − 1)/2+ 2. Then the ternary cyclic code C(1,e) has parameters
[3m − 1, 3m − 1− 2m, 4] and is optimal if m is odd.
Remark 1. For m ∈ {3, 5, 7, 9, 11}, the results of Theorem 4.2 are positive and verified by
Magma. Some concrete examples are listed as follows.
Example 12. Let (m,h) = (3, 0), then e = 6. Let α be the generator of F ∗3m with α
3+2α+1 =
0. Then the ternary cyclic code C(1,e) has parameters [26, 20, 4] and is optimal with generator
polynomial x6 + x5 + 2x3 + 2x+ 2. The dual of C(1,e) has weight enumerator
1 + 312y15 + 260y18 + 156y21.
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Example 13. Let (m,h) = (5, 2), then e = 50. Let α be the generator of F ∗3m with α
5+2α+1 =
0. Then the ternary cyclic code C(1,e) has parameters [242, 232, 4] and is optimal with generator
polynomial x10 +2x8+2x7 +2x6+ x4 +2x2 + x+2. The dual of C(1,e) has weight enumerator
1 + 2420y144 + 12100y153 + 34364y162 + 7744y171 + 2420y180.
Example 14. Let (m,h) = (5, 3), then e = 68. Let α be the generator of F ∗3m with α
5+2α+1 =
0. Then the ternary cyclic code C(1,e) has parameters [242, 232, 4] and is optimal with generator
polynomial x10 +2x9 +2x8 +2x6 + x5 +2x3 + a+2. The dual of C(1,e) has weight enumerator
1 + 2420y144 + 12100y153 + 34364y162 + 7744y171 + 2420y180.
4.2. Solving the second open problem
In this subsection, we settle a problem which has been proposed as open problem 7.13 by
Ding and Helleseth in [8] as follows:
Open problem 2.(see [8, open problem 7.13]) Let e = 3h + 5, where 0 ≤ h ≤ m − 1. Let
m ≥ 5 and let m be a prime. Is it true that the ternary cyclic code C(1,e) has parameters
[3m − 1, 3m − 1− 2m, 4] for all h with 0 ≤ h ≤ m− 1?
In order to solve this problem, we must first to prove that the following lemma hold.
Lemma 4.4. Let e = 3h + 5, where 0 ≤ h ≤ m− 1. Let m ≥ 5 and let m be a prime. Then
e /∈ C1 is even and |Ce| = m.
Proof. Clearly, e = 3h + 5 is even for any h with 0 ≤ h ≤ m− 1. So e /∈ C1. It is easy to get
|Ce| = m, as m is a prime and e 6= 0.
Theorem 4.5. Let e = 3h + 5, where 0 ≤ h ≤ m− 1. Let m ≥ 5 and let m be a prime. Then
the ternary cyclic code C(1,e) is optimal and has parameters [3
m − 1, 3m − 1 − 2m, 4] for all h
with 0 ≤ h ≤ m− 1.
Proof. Clearly, it is enough to prove that conclusions C2 and C3 in Lemma 2.2 are satisfied,
from Lemma 4.4.
Firstly, we need to prove (x+1)e+xe+1 = 0 has no solution in F3m \ {0, 1,−1}. By taking
3m−hth power on both sides of the above equation, we obtain (x+1)5·3
m−h+1+x5·3
m−h+1+1 = 0.
So, (x + 1)5·3
m−h+1 + x5·3
m−h+1 + 1 = 0 and (x + 1)e + xe + 1 = 0 have the same solutions.
Let f(x) = (x + 1)5·3
m−h+1 + x5·3
m−h+1 + 1, then we know that every root of f(x) must be
3m−h-heavy root, according to the above discussion.
Assume that there exists some x0 ∈ F3m \ {0, 1,−1} is a root of f(x). Then x0 is also a root
of f
′
(x) = (−x5−x4+x3+x2−x+1)3
m−h
. However, it is easy to see that (−x5−x4+x3+x2−
x+1) = (1− x)(x4 − x3 + x2 +1). Next, denote g(x) = x4− x3 + x2 +1. According to Lemma
2.3, we have that gcd(g(x), x3
2
− x) = 1, gcd(g(x), x3
3
− x) = 1 and gcd(g(x), x3
4
− x) = g(x).
Then f(x) has the only root x = 1 in F3m if and only if m 6≡ 0(mod 4), by Lemma 2.5. Since
m is a prime, then (x + 1)5·3
m−h+1 + x5·3
m−h+1 + 1 = 0 has the only solution x = 1 which
is a contradiction with x0 is a root of f(x). Thus, (x + 1)
e + xe + 1 = 0 has no solution in
F3m \ {0, 1,−1}.
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Secondly, similar to the above discussion, we could prove that (x+ 1)e − xe − 1 = 0 has no
solution in F3m \ {0, 1,−1}.
Remark 2. For m ∈ {3, 5, 7, 11, 13, 17}, the ternary cyclic codes C(1,e) are all optimal with
parameters [3m − 1, 3m − 1 − 2m, 4], where e = 3h + 5 with 0 ≤ h ≤ m − 1, which have been
confirmed by Magma in [8].
4.3. Solving the third open problem
In this subsection, we consider the open problem 7.14 in [8] which have been given by Ding
and Helleseth as follows:
Open problem 3.(see [8, open problem 7.14]) Let e = 3h + 13, where 0 ≤ h ≤ m− 1. Let m
be an odd prime. What are the conditions on h under which the ternary cyclic codes C(1, e)
has parameters [3m − 1, 3m − 1− 2m, 4]?
The following Lemma is necessary for solving the open problem 3.
Lemma 4.6. Let e = 3h + 13, where 0 ≤ h ≤ m− 1. Let m be an odd prime. Then e /∈ C1 is
even and |Ce| = m.
Proof. Similar to the proof of Lemma 4.4, we could obtain the lemma immediately.
Theorem 4.7. Letm be an odd prime with m 6≡ 0(mod 3) and e = 3h+13 with 0 ≤ h ≤ m−1.
Then the ternary cyclic code C(1,e) is optimal and has parameters [3
m − 1, 3m − 1− 2m, 4] for
all h with 0 ≤ h ≤ m− 1.
Proof. According to Lemma 4.6, we only need to prove that conclusions C2 and C3 hold.
In the first place, we verify that (x+ 1)e + (xe + 1) = 0 has no solution in F3m \ {0, 1,−1}.
Taking 3m−hth power on both sides of the above equation, we can get (x + 1)13·3
m−h+1 +
x13·3
m−h+1 + 1 = 0. Let f(x) = (x + 1)13·3
m−h+1 + x13·3
m−h+1 + 1, then any root of f(x) is
3m−h-heavy root which means that all the roots of f(x) are also the roots of f
′
(x) = (x13 −
x12 − x10− x9− x4− x3− x− 1)3
m−h
. we denote g(x) = x13− x12− x10− x9− x4− x3− x− 1.
According to Lemma 2.3, we could get that gcd(g(x), x3−x) = x−1, gcd(g(x), x3
2
−x) = x−1,
gcd(g(x), x3
3
− x) = g(x) and gcd(g(x), x3
4
− x) = x − 1. Then, Combining Lemma 2.4 and
deg(g(x)) = 13, we know that g(x) has the factor (x − 1) and four cubic irreducible factors.
Furthermore, we have g(x) = (x−1)(x3−x2−x−1)(x3+x2+x−1)(−x3−x2+x−1)(−x3+x2−1).
From Lemma 2.5, it is easy to get that g(x) (i.e., f
′
(x)) has the only root x = 1 if and only
if m 6≡ 0(mod 3) which shows that f(x) has no root in F3m \ {0, 1,−1}. So, the equation
(x + 1)e + (xe + 1) = 0 has no solution in F3m \ {0, 1,−1}.
In the second place, using the similar method with the above proof, we could get (x +
1)13·3
m−h+1 − x13·3
m−h+1 − 1 = 0. Let f(x) = (x + 1)13·3
m−h+1 − x13·3
m−h+1 − 1. Then,
all the roots of f(x) are also the roots of f
′
(x) = (x12 + x10 + x9 + x4 + x3 + x + 1)3
m−h
.
Denote g(x) = x12 + x10 + x9 + x4 + x3 + x + 1. According to Lemma 4.2, we have that
gcd(g(x), x3−x) = 1, gcd(g(x), x3
2
−x) = 1 and gcd(g(x), x3
3
−x) = g(x). Combining Lemma
2.4 and deg(g(x)) = 12, we know that g(x) has four cubic irreducible factors. Then, f(x) has
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no root in F3m \ {0, 1,−1} if and only if m 6≡ 0(mod 3). This completes the proof.
Remark 3. For m ∈ {3, 5, 7, 11}, the result of Theorem 4.7 is positive and confirmed by
Magma. Some specific examples are given as follows.
Example 15. Let (m,h) = (5, 0) then e = 14. Let α be the generator of F ∗3m with α
5+2α+1 =
0. Then the ternary cyclic code C(1,e) has parameters [242, 232, 4] and is optimal with generator
polynomial x10+x9+x8+2x7+2x5+2x3+x2+2x+2. The dual of C(1,e) has weight enumerator
1 + 21780y153 + 19844y162 + 17424y171.
Example 16. Let (m,h) = (5, 2), then e = 22. Let α be the generator of F ∗3m with α
5+2α+1 =
0. Then the ternary cyclic code C(1,e) has parameters [242, 232, 4] and is optimal with generator
polynomial x10 + x9 + 2x8 + x7 + 2x6 + 2x5 + 2x4 + x3 + x2 + x + 2. The dual of C(1,e) has
weight enumerator
1+132y132+7260y150+7260y153+9680y159+14762y162+14520y168+4840y171+484y186+110y198.
4.4. Promoting the fourth open problem
In this subsection, we discuss the open problem 7.12 in [8] which have been given by Ding
and Helleseth as follows:
Open problem 4.(see [8, open problem 7.12]) Let e = 3h + 5, where 2 ≤ h ≤ m − 1.
Let m ≥ 5 and let m be even. Is it true that the ternary cyclic code C(1,e) has parameters
[3m − 1, 3m − 1− 2m, 4] if one of the following conditions is met?
1) m ≡ 0(mod 4),m ≥ 4 and h = m/2.
2) m ≡ 2(mod 4),m ≥ 6 and h = (m+ 2)/2.
Theorem 4.8. Let e = 3h + 5, where 2 ≤ h ≤ m− 1. Let m ≥ 5 and let m be even. Then the
ternary cyclic code C(1,e) has parameters [3
m − 1, 3m − 1− 2m, 4] if m ≡ 2(mod 4),m ≥ 6 and
h = (m+ 2)/2.
Proof. Obviously, e /∈ C1 as e is even. Let m = 4k + 2 for some positive integer k, then
h = 2k + 2. Note that 3m − 1 = 34k+2 − 1 = (32k+1 − 1)(32k+1 + 1). Furthermore, we have
gcd(3h + 5, 32k+1 − 1) = gcd(3(32k+1 − 1) + 8, 32k+1 − 1) = 2 and gcd(3h + 5, 32k+1 + 1) =
gcd(3(32k+1+1)+2, 32k+1+1) = 2. Since 4 6 |(3h+5), we could obtain that gcd(3h+5, 3m−1) = 2.
By Lemma 2.1, we know that |Ce| = m. According to the proof of Theorem 4.5, we know that
conditions C2 and C3 are satisfied if m 6≡ 0(mod 4). So, this completes the proof.
Remark 4. We spare no efforts to solve the open problem 4 completely. However, we could only
prove that the ternary cyclic codes C(1,e) are optimal with parameters [3
m − 1, 3m − 1− 2m, 4]
if condition 2) hold. As for condition 1), we could not prove the ternary cyclic codes C(1,e) are
optimal, which means that new techniques are required.
Example 17. Let m = 6. Then h = 4 and e = 86. Let α be the generator of F ∗3m with
α6+2α4+α2+2α+2 = 0. Then the ternary cyclic code C(1,e) has parameters [728, 716, 4] and
is optimal with generator polynomial x12+x11+2x10+x9+x7+x5+2x4+2x3+2x2+2x+2.
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The dual of C(1,e) has weight enumerator
1 + 8736y450 + 8736y459 + 49868y468 + 133952y477 + 171080y486
+91728y495 + 39676y504 + 26208y513 + 1456y522.
5. Conclusions
In this paper, eight new classes of optimal ternary cyclic codes with parameters [3m−1, 3m−
1− 2m, 4] were studied, by discussing the non-existence of solutions to a certain equation over
F3m . The first two classes of optimal ternary cyclic codes are more general cases of some results
in [12]. Furthermore, it is worth noticing that some recent conclusions on such optimal ternary
cyclic codes are some special cases of our work. Moreover, the other two new classes of optimal
ternary cyclic codes are also important in Section 3. More importantly, we solve three of the
nine open problems proposed by Ding and Helleseth in [8] completely. In addition, another one
among the nine open problems is also promoted in Section 4. It is easy to see that most of the
duals of the optimal ternary codes listed in this paper have few nonzero weights. So, it would
be an interesting problem to determine the weight distribution of these dual codes.
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